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Partial Self-Concatenation Structure and Performance
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Abstract—Spinal codes are a new family of rateless codes which have
been proved to be capacity-achieving over both the additive white Gaussian
noise (AWGN) channel and the binary symmetric channel (BSC). However,
over the Rayleigh fading channel between the vehicle nodes, the error
performance of Spinal codes is not satisfactory since the tail message blocks
of Spinal codes are prone to error. To solve this issue, this paper proposes
a new practical partial self-concatenation coding structure of Spinal codes,
named N tail-protected Spinal codes, to pointedly protect tail message
blocks of Spinal codes over the flat Rayleigh fading channel. Theoretical
performance analysis and simulation results are also provided to validate
and verify the effectiveness of the proposed N tail-protected Spinal codes.

Index Terms—Spinal codes, fading channel, performance analysis,
maximum likelihood (ML) decoding, bubble decoding.

I. INTRODUCTION

In the 5 G wireless communications, channel fading is a criti-
cal obstacle to realize Ultra-Reliable and Low-Latency Commu-
nication (URLLC). Specifically, the quality of service over the
Internet of Vehicles (IoV) is affected by the high speed of vehi-
cles and the multi-path propagation of electromagnetic waves.
In order to ensure reliable transmission over wireless channels
between vehicle nodes, channel codes including fixed-rate codes
and rateless codes are applied as an essential technique to
mitigate the impact of fading. However, accurate estimation for
channel state information (CSI) is strongly needed for fixed-rate
codes, but in IoV scenario, the number of vehicles varies rapidly
due to the traffic, which leads to less accurate CSI estimation and
less moderate rate setting.

Rateless codes, unlike the fixed-rate codes, are more adap-
tive and less dependent to CSI, because they can adjust the
transmission rate to the dynamic fading channels. Spinal codes
[1] are a new class of rateless codes that have been proved
to achieve the Shannon capacity over both the additive white
Gaussian noise (AWGN) channel and the binary symmetric
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channel (BSC) [2]. Since Spinal codes are proposed, there are
many previous works on the structure improvement of Spinal
codes over AWGN channel, BSC or erasure channels, such as
employing two-way coding scheme to improve rate performance
[3], applying unequal error protection to achieve lower frame
error rate (FER) [4][5], compressing the sparse source to get
higher throughput [6] and proposing more dynamic decoding
algorithm with memory to decrease decoding complexity [7].
However, few works focus on the structure design of Spinal
codes over fading channels, which restricts its application in
urban vehicular networks. To the best knowledge of the au-
thors, the only existing works on this topic are [8] where a
trust function decoding algorithm is proposed to increase the
decoding accuracy, and our previous work [9], where we design
a complete self-concatenation structure for Spinal codes to im-
prove the FER performance over the Rayleigh fading channel.
Nevertheless, a significant disadvantage of the complete self-
concatenation structure is that it can only be applied in extremely
short messages, which is insufficient for practical application in
vehicular networks. Efficient coding structure for Spinal codes
with long message over Rayleigh fading channel is still to be
invented. In this paper, a new coding structure for Spinal codes
complementary to the complete self-concatenation Spinal codes
is invented and studied, which can be applied under longer
message length. Instead of self-concatenating all the message
blocks in the complete self-concatenation structure, the new
structure self-concatenates only several tail message blocks,
forming a structure of partial self-concatenation. According to
the number of self-concatenated tail message blocks, this partial
self-concatenation structure can be called as N tail-protected
structure, where N is a variable integer. Specifically, we give
the encoding structure and decoding algorithms of this new
structure for Spinal codes, and theoretically analyze its FER
performance over the Rayleigh fading channel by deriving the
FER upper bound of N tail-protected Spinal codes. Simulation
results demonstrate that the new structure outperforms original
Spinal codes regarding the error and rate performance over the
Rayleigh fading channel, at a cost of little complexity increase
compared to original structure.

The rest of the paper is organized as follows. Section II gives
the encoding structure, decoding algorithms and complexity
analysis of the N tail-protected Spinal codes. The FER upper
bound for the proposed N tail-protected Spinal codes is derived
in Section III. Simulation results are given in Section IV, and
the paper is concluded in Section V.

II. N TAIL-PROTECTED SPINAL CODES

A. Encoding Process of N Tail-Protected Spinal Codes

The encoding process ofN tail-protected Spinal codes is sim-
ilar to original Spinal codes and the complete self-concatenation
Spinal codes, both consisting of the hash function and the
random numeral generator (RNG). However, the generation
processes of the spine values and code symbols are slightly
different from the other two structures. Specifically, as depicted
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Fig. 1. The encoding structure of N tail-protected Spinal codes.

in Fig. 1, the encoding process of N tail-protected Spinal codes
contains 4 main steps:

1) Dividing and concatenating: An n-bit source message
M is divided into n/k blocks, with each block mi

containing k bits. Then the N tail message blocks
[mn/k−N+1, . . . ,mn/k] are inverted and concatenated be-
fore the first message block m1. After the concatena-
tion, the message M = [m1, . . . ,mn/k] turns to M ′ =
[mn/k,mn/k−1, . . . ,mn/k−N+1,m1,m2, . . . ,mn/k].

2) Generating the spine values: The hash function h maps
a k-bit message and a v-bit spine value to a v-bit spine
value. Specifically, the hash function will firstly map the
concatenated tail blocks, that is s∗1 = h(s0,mn/k) and
s∗i = h(s∗i−1,mn/k−i+1), i = 2, 3, . . ., N . Then the value
s∗N will serve as the input of next hash function to iter-
atively map the original blocks, that is s1 = h(s∗N ,m1)
and si = h(si−1,mi), i = 2, 3, . . ., n/k. Usually s0 = 0
is chosen to initialize the mapping, which are known by
both the transmitter and the receiver.

3) RNG mapping: The spine value si, i = 1, 2, . . . , n/k
serves as the seed of RNG to continuously generate c-bit
encoded symbols xi,j pass by pass, where j denotes the
pass of the symbol.

4) Channel constellation mapping: The encoded symbols
will be mapped by constellation f to the modulated sym-
bols transmitted over the channel, that is xi,j → f(xi,j).

We consider a classic system model in the urban vehicular mo-
bile communication, where the modulated code symbols f(xi,j)
will experience the time-variant Rayleigh fading and additive
white Gaussian noise, that is yi,j = ri,jf(xi,j) + νi,j , where
ri,j is the fading coefficient for xi,j with Rayleigh parameter
σ2

1, and νi,j is the Gaussian noise with variance σ2.
For original Spinal codes, because of the serial encoding

si = h(mi, si−1) and the effect of spine values on the encoded
symbols, xi,j contains information of the blocks ma, a ≤ i, so
the decoding error of the block mi can result from the error of
the encoded symbolsxa,j , a ≤ i. Consequently, the tail message
blocks with larger a are more error-prone than the front ones.
However, for N tail-protected Spinal codes, N tail blocks are
concatenated in front of the original message. The encoded sym-
bols x1,1, x1,2, . . . contain the information of these tail blocks.
Only when m1 gets wrong does the concatenated tail blocks fail
in decoding, which occurs with lower probability. In the new
coding structure, the tail message blocks are protected by the
first block and its encode symbols in the aspect of lower error

probability, which is the source of the name N tail-protected
Spinal codes. The error probability of each message block will
be analyzed in Section III.

B. Decoding Algorithms of N Tail-Protected Spinal Codes

N tail-protected Spinal codes are tree codes with N + n/k
layers where all the branch nodes of the tree are utilized.
In the perfect 2k-ary coding tree of Spinal codes, each node
stores a 2k-bit possible message block and its corresponding
spine value. Identical to the complete self-concatenated Spinal
codes, the maximum likelihood (ML) decoding algorithm of N
tail-protected Spinal codes searches for the candidate message
whose encoded symbols have the least difference with the re-
ceived symbols layer by layer. Denote the received symbols as
ȳ, and the encoder output of candidate message M as x̄(M),
then the ML rule of N tail-protected Spinal codes is

M̂ ∈ argmin ||ȳ − x̄(M)||2,M ∈ {0, 1}n. (1)

For the Rayleigh fading channel, ||ȳ − x̄(M)||2 is in fact
the Euclidean distance between the encoded symbols of the
candidate message and the received symbols.

The challenge of ML decoding algorithm derives from its
exponentially increasing complexity with the message length. In
a more general application scenario with long messages, bubble
decoding algorithm is more efficient [1]. In the bubble decoding
algorithm ofN tail-protected Spinal codes, the coding tree of the
candidate messages is constructed and pruned layer by layer. In
each layer, the father nodes will spread 2k candidate child nodes,
and the path cost is calculated in each child node. If the total num-
ber of nodes is larger than pruning depth B, then only B nodes
with the least path costs will remain. The process of spreading
and pruning will continue until the (N + n/k)th layer, and the
node path with the least path cost, also the optimal candidate
message will be output. The bubble decoding algorithm of N
tail-protected Spinal codes is elaborated in Algorithm 1.

The differences of the bubble decoding algorithm for N
tail-protected Spinal codes from original Spinal codes and com-
plete self-concatenation Spinal codes are as follows. Firstly,
the calculation of path cost of N tail-protected Spinal codes
is different. The N self-concatenated blocks output no encoded
symbols, so in the first N layers, all the nodes have a zero path
cost. In the subsequent layers, the path cost of a node from the
ith layer is calculated by the branch cost ||ȳi − x̄(mi)||2 plus
the path cost of its father node, where ȳi and x̄(mi) denote
the received symbols corresponding to the ith spine value and
candidate encoded symbols of ith spine value, respectively.

Secondly, the pruning depth forN tail-protected Spinal codes
should be moderate. For original Spinal codes the pruning depth
can be arbitrarily selected. However, for the N tail-protected
structure the pruning depth is restricted. Specifically, in each
layer of the tree, the number of nodes is 2ki, i = 1, 2, . . .n/k +
N without pruning. Because there are 2kN nodes with zero path
cost in the N th layer, pruning before it will possibly remove the
correct node path. So the process of pruning must start from the
(N + 1)th layer, or in other words, the pruning depth B should
be larger than or equal to 2kN . In this paper, we choose B =
256 for both N tail-protected Spinal codes and original Spinal
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codes to equally compare their performance, which satisfies the
condition B ≥ 2kN .

C. Complexity Analysis of N Tail-Protected Spinal Codes

ML decoding algorithm is processed over the whole coding
tree with 2Nk+n leaf nodes in the (N + n/k)th layer, so the
complexity of ML decoding algorithm is O(2Nk+n).

In the bubble decoding algorithm of N tail-protected Spinal
codes, hash and RNG mapping is executed in all the N + n/k
layers. Let l be the number of passes, and we can derive that
in each layer B2k hashes and Bl2k RNG mapping is executed.
However, the calculation and comparison of path cost are only
executed in n/k layers whose nodes have non-zero path cost,
with each layer at most B2k times of comparisons. So the com-
plexity of bubble decoding algorithm is O((n/k +N) ·Bl2k)
hashes plus O((n/k) ·B2k) comparisons. Note that the N
tail-protected structure for Spinal codes is a refinement and
implementation of the complete self-concatenation structure for
Spinal codes, because the decoding algorithms of complete
self-concatenation structure is impractical for long messages
due to their extremely high complexity. The self concatenation
Spinal codes with parameters n and k can be considered as
n/k tail-protected Spinal codes, with a complexity of O(22n)
for ML decoding and O(2n/k ·Bl2k) +O((n/k) ·B2k) for
bubble decoding with B ≥ 2n, which is a huge decoding cost
for the decoder.

However, for long message lengthn and smallN under bubble
decoding, the complexity of N tail-protected Spinal codes is
close to and slightly larger than that of original Spinal codes [1]
and much lower than that of self concatenation Spinal codes. Ta-
ble I compares the time of running 10 frames of N tail-protected
Spinal codes and original Spinal codes, with n = 256, k = 4,
B = 256. It is demonstrated from Table I that the concatenated
N blocks increase little in the aspects of decoding complexity.

TABLE I
COMPARISON OF THE TIME OF RUNNING 1,000 FRAMES WITH DIFFERENT N ,

WHERE n = 256, k = 4, B = 256

III. FER PERFORMANCE ANALYSIS FOR N TAIL-PROTECTED

SPINAL CODES OVER THE RAYLEIGH FADING CHANNEL

In our previous work [9], based on the analysis of union
bound of error probability of each message block, the FER upper
bound of original Spinal codes over Rayleigh fading channel is
derived. Inspired by the proof of the Theorem 1 in [9], we derive
the following FER upper bound for the N tail-protected Spinal
codes.

Theorem 1: (The upper bound of the FER for N tail-
protected Spinal codes over the Rayleigh fading channel)
Consider N tail-protected Spinal codes over the Rayleigh fad-
ing channel with message length n, segmentation parameter k,
modulation parameter c, noise variance σ2 and the Rayleigh pa-
rameter σ2

1. Let li be the number of encoded symbols generated
from the ith spine value, then decoded by the ML algorithm, the
FER can be upper-bounded as follows:

Pe ≤ 1 −
n/k∏
a=1

{
1 −min

(
1, (2k − 1)2n−ak min (1, Ra)

)}
,

(2)
where

Ra =

⎧⎪⎨
⎪⎩

(
π(1+ε)g(σ,σ1)ba

22c

)ba/2

Γ(1+ba/2) , 1 � a � n/k −N
(

π(1+ε)g(σ,σ1)b1
22c

)b1/2

Γ(1+b1/2) , n/k −N + 1 � a � n/k.

(3)
where ba =

∑n/k
i=a li, g(σ, σ1) = P (2σ1

2 −√
2πσ1 + 1) + σ2,

and P = (2c + 1)(2c − 1)/12 is the power of the code symbol.
Proof: We divide the proof into 3 parts. Firstly, we classify

all the candidate sequences into the correct sequence and other
wrong sequences. Then we analyze the cost of the correct
sequence. Finally we analyze the cost of wrong sequences and
further derive the error probability of a wrong sequence.

1) Candidate Sequences Classification: Denote the n-bit
message as M = [m1,m2, . . .,mn/k]. Let xi,j(M) be the jth
encoded symbol corresponding to the ith spine value si of
message M , yi,j be the corresponding received symbol at the
receiver, and νi,j be the additive white Gaussian noise. Over
Rayleigh fading channel with coefficient ri,j we can easily get
that yi,j = ri,jxi,j + νi,j , and the ML decoding algorithm is

M̂ = argmin
M ′∈{0,1}n

n/k∑
i=1

li∑
j=1

‖yi,j − xi,j(M)‖, (4)

where M denotes the candidate sequences.
We classify the candidate sequences into two subsets, the

correct sequence Mc = {mc|mc = M} and the other wrong
sequences Mw = {mw|mw 
= M}.
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2) Cost Analysis of Correct Sequences: We calculate the cost
of the correct sequence D(mc), also the distance between the
encoded symbols of the correct sequence and the received code
symbols, that is

D(mc) =

n/k∑
i=1

li∑
j=1

(ri,jxi,j(M) + νi,j − xi,j(M))2. (5)

Assume that the Rayleigh fading parameter r is independent
and identically distributed (i.i.d), we have

E(ri,jxi,j(M) + νi,j − xi,j(M))2

=
1

12
(2σ2

1 −
√

2πσ1+1) (2c+1) (2c−1)+σ2 =g(σ, σ1).(6)

From (6) we can easily derive the expectation of D(mc),
that is E(Da(mc)) = g(σ, σ1)

∑n/k
i=a li. By applying the Cher-

noff bound, we can assert that the probability of the event
Da(mc) � (1 + ε)g(σ, σ1)

∑n/k
i=a li is nearly 1 when n is large.

More detailed derivation of this conclusion can be seen in [9].
3) Cost Analysis of Wrong Sequences: Finally we calculate

the cost of wrong sequences denoted by D(mw), and the main
difference of the proof from that in [9] lies here. According to ML
criterion, when a frame gets wrong, the cost of a certain wrong
sequence is less than that of correct one. Denote the event Me :
∃mw ∈ Mw, such that D(mw) � D(mc), we can calculate the
FER as Pe = P (Me).

Again, we denote the conditional error probability of the ath
block as εa = P (Ea|E1, . . ., Ea−1), and by calculating D(mw)
and comparing the volume of D(mw) and D(mc)[9], we can
derive that for original Spinal codes, we have

εa � min
(
1, (2k − 1)2n−ak min (1, Ra)

)
, (7)

where

Ra =
1

Γ

(
1 +

n/k∑
i=a

li/2

)
⎛
⎜⎜⎜⎝
π(1 + ε)g(σ, σ1)

n/k∑
i=a

li

22c

⎞
⎟⎟⎟⎠

n/k∑
i=a

li/2

.

(8)
For N tail-protected Spinal codes, the N concatenated tail

blocks are protected, for only the encoded symbols x1,j , j =
1, 2, . . . will affect their decoding, which are the same as the
first block, so the error probability of these blocks is the same as
that of the first block which is ε1, and the rest blocks remain the
same as original Spinal codes. We denote ba =

∑n/k
i=a li, then

we derive the conditional error probability of ath block of N
tail-protected Spinal codes as follows:

εa � min
(
1, (2k − 1)2n−ak min (1, Ra)

)
, (9)

where

Ra =

⎧⎪⎨
⎪⎩

(
π(1+ε)g(σ,σ1)ba

22c

)ba/2

Γ(1+ba/2) , 1 � a � n/k −N
(

π(1+ε)g(σ,σ1)b1
22c

)b1/2

Γ(1+b1/2) , n/k −N + 1 � a � n/k.

(10)

Fig. 2. Comparison of FER simulation and upper bound of N tail-
protected/original Spinal codes over Rayleigh channel with n = 8, k = 2.

The FER can also be expressed as

Pe = P (E1 ∪ . . . ∪ En/k)

= 1 −
n/k∏
a=1

(1 − P (Ea|E1, . . ., Ea−1))

= 1 −
n/k∏
a=1

(1 − εa). (11)

Since Pe is increasing with εa, so by substituting the right
side of (9) to (11) we can derive the upper bound of Pe.

From Theorem 1, it is obvious that the FER upper bound of
N tail-protected Spinal codes over Rayleigh fading channel is
lower than original Spinal codes because of the concatenated tail
blocks, and we can further derive that the larger N is, the lower
FER the N tail-protected Spinal codes can achieve. However,
more concatenation blocks means larger pruning depth, which
results in higher decoding complexity, so in the practical coding
for long messages we recommend that N be no larger than 2 to
achieve a moderate pruning depth.

IV. SIMULATION RESULTS

In subsection IV-A and IV-B, N tail-protected Spinal codes
achieve a fixed rate to observe FER performance, and in sub-
section IV-C, N tail-protected Spinal codes are considered as
rateless codes to observe rate performance. In our simulation, we
assume that different code symbols experience different random
Rayleigh coefficients and there are cyclic redundancy check bits
to decide whether the frame is decoded correctly.

A. Error Performance Bounds Verification

We first analyze the FER upper bound of short message N
tail-protected Spinal codes, complete self-concatenated Spinal
codes [9] and original Spinal codes under ML decoding. Fig. 2
compares the FER simulation (Simu) and FER upper bound
(UB) ofN tail-protected Spinal codes, original Spinal codes and
complete self-concatenated Spinal codes (i.e. 4 tail-protected
Spinal codes) over Rayleigh fading channel, with n = 8, k = 2,
c = 8, σ1 = 0.5, and the total number of passes is 8. For orig-
inal Spinal codes and 1 tail-protected Spinal codes, we choose
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Fig. 3. Comparison of FER performance of N tail-protected/original Spinal
codes over Rayleigh fading channel with n = 256, k = 4.

Fig. 4. Comparison of rate performance of N tail-protected/original Spinal
codes over Rayleigh fading channel with n = 256, k = 4.

ε = 0.1 in (3); for 2 or 4 tail-protected Spinal codes we choose
ε = 0.01, so that the upper bound is tight with the simulation
results. The error performance and FER upper bound of the
new structure can be analyzed from two perspectives. On the
one hand, it can be seen from Fig. 2 that the FER upper bound
of N tail-protected structure is far lower than that of original
Spinal codes, and the FER upper bound decreases asN becomes
large, which validates the theoretical analysis. On the other hand,
compared to complete self-concatenation Spinal codes, although
the FER bound of 2 tail-protected Spinal codes is higher, the
simulation results are nearly the same. Fig. 2 implies that several
concatenation blocks can achieve the same FER performance
as complete self-concatenation structure under short message
length.

B. FER Performance Comparison

Fig. 3 compares the FER performance of long messageN tail-
protected Spinal codes and original Spinal codes under bubble
decoding over the Rayleigh fading channel, wheren = 256, k =
4,B = 256, σ1 = 0.5 and the total number of passes is 12. Fig. 3

shows that each tail block redundancy significantly reduces the
FER. At a cost of little complexity increase, the new structure
gains much in FER performance, which is the superiority of N
tail-protected Spinal codes over original Spinal codes.

C. Rate Performance Comparison

Fig. 4 shows the rate performance of rateless N tail-protected
Spinal codes and original Spinal codes over the Rayleigh fading
channel under pass-to-pass transmission pattern, where n =
256, k = 4, B = 256 and σ1 = 0.5. From Fig. 4, the coding
rate of 2 tail-protected Spinal codes increases by about 25%
in average compared to original Spinal codes, and about 20%
compared to 1 tail-protected Spinal codes, which are significant
gains. Considering the FER and rate performance together with
the complexity, we recommend that 2 tail-protected Spinal codes
be used for long messages.

V. CONCLUSION AND FUTURE WORK

In this paper, N tail-protected Spinal codes are proposed as
a refinement of complete self-concatenation Spinal codes over
Rayleigh fading channel. The new structure decreases the error
probability of tail blocks, directly achieving lower FER. We
derive the FER upper bound of N tail-protected Spinal codes
over Rayleigh fading channel. Simulation results show that 2
tail-protected Spinal codes outperform original Spinal codes in
terms of both FER and rate over Rayleigh fading channel. In the
future, the hardware implementation of N tail-protected Spinal
codes in IoV will be an interesting topic.
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